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Abstract 
In this paper, we survey existing geometric structures which have been proposed by the authors as possible models 
for nanotubes. Atoms assemble into molecules following the laws of quantum mechanics, and in general 
computational approaches to predicting the molecular structure can be arduous and involve considerable computing 
time. Fortunately, nature favours minimum energy structures which tend to be either very symmetric or very 
unsymmetric, and which therefore can be analyzed from a geometrical perspective. The conventional rolled-up model 
of nanotubes completely ignores any effects due to curvature and the present authors have proposed a number of 
exact geometric models. Here we review a number of these recent developments relating to the geometry of 
nanotubes, with exact polyhedral constructions, and in particular for the three materials, carbon, boron and silicon. 
We summarise the main formulae and give illustrative numerical results for these three nanotubes. 
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1. Introduction 
Nowadays, nanotechnology impinges on every aspect of our lives. For example, every time we touch a 
computer keyboard, a telephone or any device which needs to resist bacterial growth, we are in fact 
touching silver nanoparticles [1]. Many materials at the nanometer scale display exceptional physical 
characteristics such as their mechanical and electronic properties [2], and these properties are quite 
different compared to those at the micro-scale. Nanotechnology is expected to be even more important in 
many areas such as memory devices [3] and targeted drug and gene delivery [4]. Recent interest in carbon 
nanotubes (CNTs) was initiated by Iijima's discovery in 1991 [5], which also triggered interest in other 
nanotube materials such as B [6], Si [7] and BN, WS2, Bi2S3, ZnS, ZnO, GaN, AlN, InP, SiO2 and Eu2O3 
[8]. The traditional conceptualisation of nanotube structure is a rolled-up model that developed from the 
work of Dresselhaus et al. [9] for CNTs and Gindulyte et al. [10] for boron nanotubes (BNTs). In the 
rolled-up models [9, 10], nanotubes are conceptualized by beginning with a two dimensional sheet which 
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is then rolled into a seamless right circular cylinder. However, the curvature of the structure is not 
considered in these rolled-up models and therefore values for the radius differ appreciably from those 
predicted by molecular dynamics simulations, especially for the smaller radii nanotubes where curvature 
is significant. Polyhedral models for single-walled nanotubes are proposed that inherently include the 
curvature of the nanotube structure, for CNTs [11, 12, 13], BNTs [13, 14] and silicon nanotubes (SiNTs) 
[13, 15] which give predictions for the geometric parameters of the tube that are in excellent agreement 
with first-principles calculations [16, 17, 18]. 
 ġ
Fig 1. Polyhedral model for CNTs.   Fig 2. Polyhedral model for BNTs. 
  
Fig 3. Polyhedral model for SiNTs. Fig 4. Points lying on helices (a) CNTs/BNTs and (b) SiNT. 
The CNTs considered here are assumed to be formed by sp2 hybridization [5] and the nanotube 
structure is assumed to comprise hexagonal lattices as shown in Fig 1. The BNTs considered here are 
assumed to be formed by sp2 hybridization and S-bonds [19, 20]. The lattice structures for BNTs that 
have been proposed include flat triangles [10], puckered triangles [19] and a novel lattice pattern [20] that 
is a triangular lattice structure with 1/9 hexagonal holes, a structure which is believed to be energetically 
more stable than a pure triangular lattice [21]. However, although we acknowledge that the polymorphism 
of BNTs is an important consideration with a number of possible structures which may be more stable 
than a homogeneous triangular lattice structure [20], here for simplicity we consider the lattice for BNTs 
to comprise only equilateral triangles with vertices which are all equidistant from a common axis. As a 
result, the nanotube lattice assumed here comprises a flat triangular pattern [19, 20] as shown in Fig 2. 
Silicon prefers sp3 bond formation [16] and it is predicted that the four-coordinated atoms form a skew 
rhombi lattice [16] as shown in Fig 3. Figs 1, 2 and 3 show the polyhedral models and the atoms are 
represented by black dots and the bonds between atoms are indicated by black lines. In Fig 1 the gray 
lines represent the conceptual division of each hexagon into four triangles. We comment that we do not 
discuss the issues relating to nanotubes with distinct bond lengths, and the reader is referred to [22, 23, 24] 
for these developments. 
In the following sections, we present the method of formulating the polyhedral model and comprise the 
results for CNTs (section 2), BNTs (section 3) and SiNTs (section 4). In section 5, the nanotube radius is 
discussed and some concluding remarks are made. Throughout this paper we use the subscripts r and p to 
designate respectively quantities associated with the rolled-up and the polyhedral models. 
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2. Carbon nanotubes 
The rolled-up model for CNTs assumes that all bond lengths and all bond angles are equal and that the 
nanotube can be envisaged as a two dimensional sheet which is rolled into a seamless right circular 
cylinder [9]. CNTs are categorized into three types, namely zigzag, armchair and chiral, based on the 
values of the chiral vector Ch=na1+ma2 where n and m are non-negative integer chiral vector numbers, a1 
and a2 are basis vectors and the naming of the nanotubes is indicated by the chiral vector numbers (n,m). 
CNTs are termed zigzag when m = 0 and armchair when m = n. In all other cases, when 0 < m < n they 
are termed chiral nanotubes. The traditional chiral angle is the angle between the chiral vector Ch and the 
basis vector a1, and for the rolled-up model is given by 
cos Tr =(2n+m)/[2 (n2+nm+m2)1/2],        (1) 
which has a simple exact value for certain special cases. For zigzag type (m = 0), the chiral angle Tr is 
zero, while in the case of armchair tubes (m = n), the chiral angle Tr is S/6. We remind the reader that 
throughout this paper we use the subscript r to denote the rolled-up model with equal bond lengths. The 
nanotube radius rr for the rolled-up model is obtained from the magnitude of the chiral vector |Ch| divided 
by 2S and we find that rr=V[3(n2+nm+m2)]1/2/(2S), where V is the bond length.  
The rolled-up model [9] assumes that a flat sheet of graphene is rolled into a seamless right circular 
cylinder. However, a real nanotube has curvature and recently, Cox and Hill [11, 12] propose a new 
geometric polyhedral model of single-walled CNTs, in which all bond lengths are assumed to be equal 
but the curvature is properly accommodated. This model makes very accurate predictions on the 
geometric parameters of the nanotube which are in excellent agreement with certain first-principles 
calculations [17].  
The polyhedral model is based on three fundamental postulates [11, 12, 13]: (i) all bond lengths are 
equal V; (ii) all the adjacent bond angles are equal Ip; and (iii) all atomic nuclei are equidistant rp from a 
common axis. For CNTs, each component of the hexagonal lattice is divided into three isosceles triangles 
and one equilateral triangle [11, 12, 13]. The equilateral triangular pattern is shown in Fig 1 by gray lines 
and the dots denote the atomic location on each of the isosceles triangles making up a pyramid. A 
fundamental parameter for the polyhedral model is the subtend semi-angle \p which is the semi-angle 
subtended at the nanotube axis in the xy-plane of one edge of an equilateral triangle from the lattice. This 
angle is a root of the following transcendental equation: 
 (n2-m2)sin2([p+\p)-n(n+2m)sin2[p+m(2n+m)sin2\p =0,     (2) 
where [p=(n\p-S)/m. The subtend semi-angle \p is determined as a root of eq(2), which may have many 
roots. For a physically meaningful structure to result, the subtend semi-angle \p also satisfies the 
following inequalities:S/(n+m) <\p < S/n. While no explicit equation is know for \p, an accurate 
numerical value for the root of the transcendental equation (2) may be determined after a small number of 
iterations of Newton's method, using the initial estimate \0p=S(2n+m)/[2(n2+nm+m2)]. 
The chiral angle Tp for the polyhedral model, by which we mean angle QPQ', may be derived from the 
two triangles, triangle PQQ' and triangle PCQ' as shown in Fig 4. The point Q' defines the point 
determined by projecting Q into the xy-plane. The length of PQ is the length of the basis vector a1 and the 
lengths of CP and CQ' are both equal to the nanotube radii rp. The chiral angle is given by 
cos2Tp=[n(n+2m)sin2\p] /[(n+m)2sin2\p-m2sin2([p+\p)].ġ For the two special cases, the chiral angle has 
two simple exact values, Tp is zero for zigzag tubes (m = 0), and takes the value S/6 for armchair tubes (m 
= n). The adjacent bond angle Ip is defined as the angle between two bonds when the atoms that are being 
bonded comprise a single lattice. We need to introduce a new parameter to provide an equation for the 
adjacent bond angle, since it includes a new parameter which is the angle of incline ]p of the pyramidal 
components of the surfaces. The incline angle ]p is given by sin ]p=[(cot2\p+4cos2Tp-3)1/2-cot \p]/(31/2cos 
Tp), while the adjacent bond angle Ip is given by cos Ip=(-2+k2)/(4+k2), where k is related to the 
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perpendicular height of the constituent pyramids and given by the positive root of k2U+kF+Q=0, where the 
coefficients are defined by U=1-sin2]pcos2Tp, F=2cos ]pcos Tp(sin ]pcos Tp+31/2cot \p) and Q=1-cos2Tp(4-
sin2]p)+2(3)1/2sin ]pcos Tpcot \p. The nanotube radius for the polyhedral model is given by 
rp=[Vsin(Ip/2)cos Tp]/sin \p.ġ
Table 1 compares the rolled-up model, the polyhedral model and the simulation results of Cabria et al. 
[17], and shows that the results of the polyhedral model are in good agreement with those from the 
simulation results. The rolled-up model is only close to the simulation results for large values of the 
nanotube radius. However, the polyhedral model uniformly provides much closer results to those from 
simulation than the rolled-up model. 
Table 1. Comparison of CNTs radii from rolled-up model, polyhedral model and ab initio calculations [17] using V =1.44 Å. 
(n,m) rr (Å) rp (Å) r* (Å) (n,m) rr (Å) rp (Å) r* (Å) (n,m) rr (Å) rp (Å) r* (Å) 
(4,0) 
(3,2) 
(4,1) 
1.5878 
1.7303 
1.8191 
1.7125 
1.8109 
1.9178 
1.71 
1.80 
1.91 
(5,0) 
(3,3) 
(4,2) 
1.9848 
2.0626 
2.1005 
2.0840 
2.1258 
2.1724 
2.06 
2.12 
2.17 
(5,1) 
(6,0) 
(4,3) 
2.2102 
2.3817 
2.4146 
2.2934 
2.4641 
2.4703 
2.28 
2.45 
2.46 
3. Boron nanotubes 
The rolled-up model [10] assumes that the lattice pattern of a BNT comprises flat equilateral triangles 
and that all bond lengths and all bond angles are equal. The terminology for BNTs is precisely the same 
as that used for CNTs, with zigzag tubes when m = 0, armchair when m = n and chiral when 0 < m < n. 
The chiral angle Tr coincides with that for CNTs eq(1) but the radius rr is different and is given by 
rr=V(n2+nm+m2)1/2/(2S). 
The polyhedral model is based on the two fundamental postulates [13, 14] that: (i) all bond lengths are 
equal V and (ii) all atomic nuclei are equidistant from a common axis rp. The adjacent bond angle Ip =S/3 
for BNTs may be derived immediately from postulate (i) trivially, and therefore an independent adjacent 
bond angle is not necessary [13, 14]. The basis vectors and the pattern for BNTs are the same as that for 
the polyhedral model for CNTs with each hexagon sub-divided into six equilateral triangles [11, 12], and 
therefore only equilateral triangles are considered for BNTs [14]. Fig 1 shows that the equilateral 
triangular pattern is defined by gray lines and without the pyramids is the same as that in Fig 2. The 
length of all the basis vectors for BNTs is V. Finally, the equations for the subtend semi-angle \p, the 
initial value for Newton's method, the chiral angle Tp and the radius rp are all the same as those for the 
polyhedral model for CNTs. Since the adjacent bond angle Ip for BNTs is S/3, the radius rp might be 
simplified to rp=(Vcos Tp)/(2sin \p). Table 2 shows that the results of the polyhedral model are in good 
agreement with the local density simulation results from Cabria et al. [18]. 
Table 2. Comparison of BNTs radii from rolled-up model, polyhedral model and local density approximation method [18]. 
(n,m) V (Å) rr (Å) rp (Å) r* (Å) 
(12,0) 
(15,0) 
1.72 
1.71 
3.285 
4.082 
3.323 
4.112 
3.35 
4.12 
4. Silicon nanotubes 
The nanotube lattice for SiNTs is assumed to comprise only skew rhombi. The rolled-up model for 
SiNTs is just as that for CNTs but the terminology adopted for CNTs, namely zigzag and armchair, is 
entirely inappropriate for SiNTs, and we categorize these tubes as being either prismatic, antiprismatic or 
chiral type based on the values of the chiral vector numbers (n, m). When m = 0, we find that the 
nanotube comprises a series of regular n-sided polygons, where the length of each polygon side and the 
height of the prism is simply equal to the bond length V, and therefore we refer to these nanotube types as 
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prismatic. In the case m = n, the nanotube comprises rows of atoms which are regular n-sided polygons 
with a rotation such that each vertex is located at the center of the side of the preceeding polygon but 
translated along the nanotubes axis. In all other cases, when 0 < m < n, we follow the CNT terminology 
and term the nanotube chiral. The main equations for the rolled-up model [13, 15] are given by cos 
Tr=n/(n2+m2)1/2 and rr=V(n2+m2)1/2/(2S). For m = 0, the chiral angle Tr is zero. In the case m = n, the chiral 
angle Tr for the rolled-up model is S/4 and the adjacent bond angle is Ir=S/2.  
The polyhedral model is based on three fundamental postulates [13, 15] which are the same as that for 
the polyhedral model for CNTs. In this event, the subtend semi-angle is determined as a root of the 
following transcendental equation: n tan [p +m tan \p =0, where [p=(n\p-S)/m. For a physically 
meaningful structure, the subtend semi-angle \p is similar to the polyhedral model for CNTs and the 
subtend semi-angle satisfies the same inequalities and an accurate numerical value for the required root of 
above equation may be determined after a small number of iterations using Newton's method, with an 
initial value \0p=nS/(n2+m2). The chiral angle can be shown to be given by cos2Tp=(n2cos2\p+m2sin2\p)/ 
(n2cos2\p+ m2), which is zero for prismatic tubes (m = 0), and in the special case m = n the chiral angle Tp 
tends to S/4 as n increases. The adjacent bond angle Ip may be shown to be given by cos 
Ip=(m2sin2\p)/(n2cos2\p+m2), so that the adjacent bond angle Ip for the prismatic tube has the constant 
value S/2. The value of the adjacent bond angle Ip for chiral and antiprismatic tubes asymptotes to S/2 in 
the limit as n becomes large, since the surface of the nanotube approaches a flat plane in this limit. The 
nanotube radius can be shown to be given by rp=(Vcos Tp)/(2sin \p). 
Table 3 compares the nanotube radii for the rolled-up model, the polyhedral model and simulation 
results of Li et al. [16], who examine a number of prismatic SiNTs using an empirical full-potential 
linear-muffin-tin-orbital molecular dynamics method. The results of the polyhedral model are in good 
agreement with the simulation results. The silicon nanorings and nanotubes of [16] are prismatic SiNTs 
with atoms at the surface, and their nanotubes are similar to the prismatic nanotubes described here. 
Table 3. Comparison of SiNTs radii from rolled-up model, polyhedral model and MD method [16] using V=2.305 Å. 
(n,m) rr (Å) rp (Å) r* (Å) 
(6,0) 
(8,0) 
(10,0) 
2.201 
2.935 
3.669 
2.305 
3.012 
3.730 
2.35 
3.00 
3.75 
5. Conclusion 
By employing polyhedral model which is based on the three fundamental postulates for CNTs and 
SiNTs and the two fundamental postulates for BNTs that (i) all bond lengths are equal, (ii) all bond angles 
are equal (for BNTs, the adjacent bond angle Ip=S/3 is derived immediately from postulate (i), and 
therefore an independent adjacent bond angle is not postulated) and (iii) all atoms are equidistant from a 
common axis, we have derived equations for the key geometric parameters that arise in this model, such 
as the subtend angle 2\p, the radius rp and the chiral angle Tp. The subtend semi-angle \p is the 
fundamental variable on which all the other parameters depend and we find that it is determined from 
transcendental equations, the solutions of which cannot be written as a simple function of n and m. 
Tables 1, 2 and 3 show that results of the polyhedral model are in good agreement with those arising 
from simulation results. For the smaller radii nanotubes, there are large differences in the radii predicted 
by the rolled-up model and those arising from molecular dynamics simulations. This phenomenon is due 
to the increasing curvature of the tube surface as n becomes small, so that the nanotubes with the smallest 
values of n have the largest curvature.ġ In summary, the rolled-up model is an approximate model and 
completely ignores any effects due to curvature. Accordingly, this opens up the possibility of providing 
exact geometric constructions which correctly take into account the curvature of the nanotube, and are in 
Richard K. F. Lee et al. / Physics Procedia 22 (2011) 144 – 149 149
complete accord with traditional models for large radii nanotubes. The present paper summarizes the 
work of the authors which addresses exact nanotube construction based upon certain geometric principles. 
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